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Concrete elements deteriorate as a result of continuous application of compressive fatigue loads.
Irreversible deformation accumulates; hence, the effect on embedded steel reinforcing bars capacity
and concrete resistance should be accounted for in the fatigue analysis of concrete structures.
Experimental investigations were conducted to study the fatigue behaviour of eight small-scale reinforced
concrete deep beams with a shear span to effective depth ratio of 1.25. Percentages of the diagonal crack-
ing load from monotonic tests were used as fatigue loads. The deformation evolution within the shear
spans of the deep beams were obtained by estimating the average principal and shear strain evolutions
from the strain transformation analysis of LVDT (Linear Variable Displacement Transformer) data. Mid-
span deflections and reinforcement strain evolutions with proximity to a major concrete crack location
were obtained. In all beams, failure occurred with fracture of the longitudinal reinforcement at the inter-
section with the major concrete crack. Maximum strain evolutions for shear reinforcement measured at
regions around the bends were observed to be lower than the strain evolutions observed in the longitudi-
nal reinforcement. This was attributed to the governing arch mechanism common with deep beams.
The strut and tie method was modified to predict the fatigue life of the deep beams tested by modifying

the constitutive models and effectiveness factor of concrete with fatigue damage models. To achieve this,
the irreversible compressive fatigue strain in concrete is considered as a pseudo-load. The crack initiation
life and the progressive crack growth of steel reinforcement are accounted for using strain-life models and
linear elastic fracture mechanics, respectively. Within the developed algorithm, failure will occur when
one of the evolving forces in either the concrete strut or steel reinforcement approaches the corresponding
residual resistance capacity.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Investigations of the behaviour of reinforced concrete elements
subjected to fatigue loading began in the twentieth century. Due to
complex observations in the performances of the constituent
materials, further interests in this field of study have evolved. From
previous studies [1–3], failure of reinforced concrete elements due
to the fracture of reinforcement at their intersection with concrete
cracks, crushing of concrete, and excessive evolutions of diagonal
tension cracks have been reported as modes of fatigue failure.

1.1. Mechanism of fatigue failure

The failure mechanisms observed in previous tests conducted
on reinforced concrete beams were reported to be significantly
influenced by the shear span to effective depth ratio (a/d), the
stress ratio (ratio of the minimum stress to maximum stress), the
reinforcement ratio, and the magnitude of fatigue load [4–6]. Frac-
ture of the tensile reinforcement was observed to occur within the
region of maximum moment within beams when subjected to
smaller fatigue loads. On the other hand, shear failure due to diag-
onal cracking occurred under high fatigue loads [7]. The use of dif-
ferent reinforcement ratios have also been reported to influence
the failure mechanisms [8]. For example, while lower reinforce-
ment ratios are governed by the fracture of the reinforcement,
heavily reinforced concrete members may fail due to crushing of
concrete or diagonal tension cracks.

Reports on fatigue tests conducted on beams with shear rein-
forcement and having shear span to effective depth ratios greater
than 2.0 showed increases in the shear reinforcement strains as
diagonal or inclined cracks emanated [1–3]. The fatigue load trans-
fer was described to involve a truss mechanism in which shear
forces were transmitted by the shear reinforcement from one
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surface of an inclined compressive strut to an adjacent strut.
Depending on the average induced strains or stresses in the rein-
forcement intersecting the diagonal cracks, localised crack growth
in the shear reinforcement and widening of concrete cracks
occurred. Fracture of the shear reinforcement typically occurred
thereafter. However, beams with shear span to effective depth
ratios lower than 2.0 were governed by arch mechanism and did
not exhibit shear reinforcement fracture at failure [9].

Okamura et al. [1], Okamura and Ueda [2], and Ueda [3]
reported that the increase in the shear reinforcement strain was
proportional to the logarithm of the number of cycles leading to
fracture, especially at bends. As the shear reinforcement fractured,
collapse of the beams occurred where the remaining stirrup legs
intersecting the widened inclined cracks were insufficient to with-
stand the applied maximum fatigue load. As such, the fatigue beha-
viour of shear reinforcement in terms of its maximum strain
evolution up to yield was considered as a fatigue limit state. Mod-
els developed and reported by Okamura et al. [1], Hawkins [4],
Higai [9], and Ruhnau [10] for estimating the strain within a shear
span at any given cycle up to failure are used in the literature and
codes of practice for this purpose.

Fatigue failure of deep beams with shear span to effective depth
ratios of 1.0 and 1.5 were observed to fail under fatigue loading by
crushing of concrete compressive struts, diagonal tension, or frac-
ture of longitudinal reinforcement. No fracture of shear reinforce-
ment was observed in any of the specimens [5,6]. In the tests
conducted by Teng et al. [6], high-strength deformed steel bars
and plain round steel bars were used as shear reinforcement in
each shear span per beam. Results and crack patterns on both shear
spans revealed no substantial difference. It was also observed that
the shear reinforcement in the deep beams did not yield at failure.

An illustration of the behaviour of shear reinforcement in deep
beams under fatigue loading can be observed from Higai’s report
[9] on moving load tests. According to Higai [9], as the distance
between the moving load and the support reduced, the observed
shear strength increased remarkably. Local compressive concrete
stresses were also observed to develop in the vertical direction
within the shear span; hence, decreasing the principal tensile
stress in the concrete. In addition, it was reported that strains in
stirrups decreased as the distance between the support region
and loading point reduced. These observations are analogous to
clamping or transverse compression stresses in deep beams under
static loads [11,12]. However, further investigation is still required
in order to understand the fatigue deformation of deep beams.
1.2. Design for fatigue resistance

Deep beam can be designed appropriately and conservatively
under static loads using the strut and tie model. Basically, the
required concrete section sizes and amount of reinforcement
(dimensions of load transfer path) are obtained from the stresses
estimated from the static loading conditions at failure (Ultimate
Limit State) [13]. Under fatigue loading, the stresses induced in
the load transfer paths are estimated from the proposed or given
fatigue load (usually lower than the expected monotonic load at
failure). The stresses in these paths are further normalised with
the material strengths in order to obtain stress levels needed in
fatigue models. As a means of fatigue damage resistance verifica-
tion, the normalized stresses from fatigue loads are implemented
into their corresponding fatigue stress-life models in order to
obtain the number of cycles that will result in local deformation
by crushing (in case of concrete) or fracture (in case of steel). For
an appropriate design, the number of cycles leading to failure
obtained is ensured to be more than the number of cycles expected
for service life. To achieve this, the volumes of materials (section
size and amount of reinforcement) are generally increased, if need
be [13].

The use of S-N models do not account for damage evolution of
the structural element [14,15]. The norm in fatigue design of
structures using stress-life models neglects the influence of irre-
versible strain accumulation in concrete which may be significant
in fatigue life prediction. Further, knowledge of the deformation
evolution within the shear spans of deep beams in terms of shear
strains, principal tensile strains, and principal compressive strains
under fatigue loading are expedient in understanding the beha-
viour of deep beams under fatigue loading, since their resistance
capacities may be governed by the behaviour within the shear
spans.

In this paper, the influence of load level, stress ratio, and longi-
tudinal reinforcement ratio on the fatigue behaviour of deep beams
with shear-span to effective depth ratio of 1.25 are investigated
experimentally. An approach is developed using strut and tie anal-
ysis for predicting the fatigue life of deep beams. The evolution of
irreversible strain accumulation, concrete strength and stiffness
degradation, and reinforcement crack growth are accounted for
in this approach.
2. Experimental program

2.1. Test specimens

In this investigation, beams with dimensions of
175 � 250 � 700 mm and an a/d value of 1.25 were used for fati-
gue tests (Fig. 1). The properties of the beams tested are given in
Table 1 (columns 1–7). The reinforcement provisions used for the
beams surpassed the minimum required in CSA A23.3-04
11.2.8.1 and 11.2.8.2 for shear, 10.5.1.2 for flexure [16], EC-1-1
(2004) 9.2.2 and 9.2.1.1 [17] for shear and flexure respectively,
and ACI [18] Section R9.6.3.1 and R9.6.1.2 for shear and flexure
respectively.

Adequate anchorage was provided based on code requirements
in CSA- N12.13.1, N12.13.2 (shear reinforcement anchorage) [16],
N12.5.2 (flexural reinforcement anchorage). The anchorage provi-
sions also satisfied EC2-1-1 (2004) clause 8.5(1) and (2) for shear
reinforcement and EC2-1-1 clause 8.4.1 (1) P for longitudinal rein-
forcement [17]. ACI Table 25-3-1 and Table 25.3.2 [18] for longitu-
dinal and shear reinforcement, respectively were also used as
provision benchmarks. Longitudinal reinforcement ratios of
0.45%, 0.90%, and 1.40% were provided, while 0.2% was used as
the shear reinforcement ratio.

From Table 1, the first three beams (CONT-1 to -3) having lon-
gitudinal reinforcement ratios of 0.45%, 0.90%, and 1.40%, respec-
tively, were tested monotonically, in order to obtain the load,
corresponding to the diagonal cracking load. Once the cracking
load was attained (based on readings from the LVDTs in tension),
results from further increases in loading were not required. Per-
centages of the maximum diagonal cracking load were then used
to define the fatigue loads for other beams with similar longitudi-
nal reinforcement ratios.

The names attached to each beam tested under fatigue loading
are indicative of the loading and reinforcement conditions; for
example, C80-20-0 is assigned to a beam reinforced with 2–10 M
(10 M refers to Canadian standard hot-rolled reinforcing bar with
cross-section area of 100 mm2) and subjected to fatigue maximum
and minimum loads of 80% and 20% of diagonal cracking load. The
last value zero signifies 0.45% longitudinal reinforcement ratio. In
the cases of beams C75-0-1 and C75-0-2, C75-0 signifies maximum
and minimum fatigue loads of 75% and approximately 0%, respec-
tively. The last numeral (1 or 2) represents 0.9% or 1.40% longitudi-
nal reinforcement ratio, respectively.
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Fig. 1. Beam specimen setup.

Table 1
Specimens description.

C1 C2 C3 C4 C5 C6 C7 C8
Specimen name (#) f0c (MPa) ql (%) (%) Max. load (% Pcr) kN Min. Load(kN) Cracking load Pcr (kN) Number of cycles to failure (Nf)

CONT-1 52.8 0.45 0.20 100 – 156.70 –
CONT-2 55.8 0.90 0.20 100 – 121.98 –
CONT-3 54.3 1.40 0.20 100 – 139.39 –
C80-0 (a) 46.6 0.45 0.20 80 5.0 – 460,000
C80-0 (b) 54.8 0.45 0.20 80 5.0 420,000
C75-0 (a) 57.1 0.45 0.20 75 5.0 – 770,000
C75-0 (b) 53.3 0.45 0.20 75 5.0 850,000
C70-0 52.2 0.45 0.20 70 5.0 – 1,500,000*

C80-20-0 58.1 0.45 0.20 80 31.3 – 2,550,000b

C75-0-1 52.4 0.90 0.20 75 5.0 – 3,000,000a

C75-0-2 46.1 1.40 0.20 75 5.0 – 3,000,000a

**No failure (Stresses lower than endurance limit value or stress intensity factor lower than the threshold value).
a Test stopped without failure.
* Number of cycles at first rebar fracture (final failure: 1,800,000).
b Number of cycles at first rebar fracture (final failure: 2,730,000).

14 B. Isojeh et al. / Engineering Structures 150 (2017) 12–24
2.2. Materials

A design compressive strength of 50 MPa (high strength con-
crete), having a mix ratio of 1:2:2 (cement: fine aggregate: coarse
aggregate by weight) and a water/cement ratio of 0.5 was selected.
This comprised of a maximum aggregate size of 10 mm and fine
aggregate with a fineness modulus of 2.6. Slump readings between
80 and 150 mmwere obtained during casting. At 28 days, the spec-
imens were removed from the curing room and placed in a dry
compartment afterwards. Canadian standard 15 M, 10 M (high-
strength deformed steel reinforcing bars) and D4 (cold-worked)
bars were used as reinforcement. The D4 reinforcing bars were
used for the shear reinforcement, and the 2–10 M reinforcing bars
for the hanger bars.

The average yield strength obtained based on coupon tests for
the 15 M, 10 M, and D4 reinforcing bars were 430 MPa, 480 MPa,
and 610 MPa respectively. The yield strength of the cold-worked
steel rebar corresponded to the 0.2% offset strain.

2.3. Test setup

The setup for the fatigue tests consists of a servo-hydraulic test-
ing equipment having a loading capacity of 350 kN. Each beam was
simply supported and the load was applied symmetrically through
the load cell (Fig. 1). Strain guages were attached to locations
assumed to be cracking regions under fatigue loading. Hence, it
was expected that under fatigue loading, provided diagonal
inclined cracks occur, the strain evolution in the shear and longitu-
dinal reinforcing bars may be observed. The surfaces of the rein-
forcement were initially filed lightly and cleaned with acid and
base solutions. Subsequently, the strain gauges (5 mm size) were
glued to the reinforcement surfaces. In order to prevent damage
when in contact with concrete, the surfaces of the strain gauges
were protected using aluminum foils. The wires connecting the
strain gauges in the concrete were labelled appropriately and con-
nected to data acquisition system channels. As the tests resumed,
readings based on the connection to the channels were obtained
progressively up to the point of failure.

The mid-span deflection per cycle was obtained using an
attached LVDT positioned under the beam. The LVDTs attached
to the concrete surfaces were used to obtain deformations in the
respective directions. The observed deformations were subse-
quently used to estimate the average principal strains and shear
strains per fatigue loading cycle. As indicated in the fifth and sixth
columns of Table 1, percentages of the diagonal cracking loads
observed from the monotonic tests were used as maximum and
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minimum loads for the fatigue tests conducted, respectively. Each
specimen was subjected to fatigue loading without a prior applica-
tion of monotonic loading.
CONT-2

Pcr
2.4. Test procedure

Initially, the three control beams CONT-1, -2, and -3 as indi-
cated in Table 1 and Fig. 2, were tested under monotonic loading
in order to obtain the diagonal cracking load (column 7). From
Fig. 3, it can be observed that the capacities of CONT-2 and
CONT-3 were approaching the limit of the testing machine; hence,
each test was stopped having achieved the aim (obtaining the diag-
onal cracking load). Since the LVDTs attached to the surface of the
beams could capture the cracking load, subsequent load values
were not required. The diagonal cracking load for CONT-1 was
observed to be higher than the values obtained for CONT-2 and
CONT-3. This was attributed to the fact that heavily-reinforced
deep beams are governed by shear deformations; hence, initial
cracks under loading may be within the shear spans. On the other
hand, lightly reinforced concrete deep beams are governed by
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Fig. 2. Details of deep beam specimen.
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Fig. 3. Load versus deformation (strain) plot.
flexural cracks within the mid-spans. Higher loads may be required
for cracks to form within the shear spans of lightly reinforced beams.

For the fatigue loading, a pulsating load of a continuous sinu-
soidal waveform was generated from the loading equipment
throughout the test duration. All fatigue tests were conducted at
a frequency of 5 Hz and a minimum fatigue load of 5 kN was used,
except for beam C80-20-0 where the minimum fatigue load was
taken as 20% of the diagonal cracking load. The value was used
to verify the influence of minimum fatigue loading on the fatigue
life of the deep beams.



Fig. 5. Evolution of mid-span deflection.
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Although positive load ratios were considered in this investiga-
tion, structural components may be subjected to stress reversals
(negative stress or load ratio) [19]. Based on investigations con-
ducted by Zhang et al. [20], stress-life models obtained by plotting
stress levels against the number of cycles to failure for different
stress ratios, portrayed a reduction in the fatigue life of concrete
as stress ratio reduced.

Further, the beams and the reinforcements used in this investi-
gation are corrosion free. However, beams subjected to corrosion
are significantly dependent on the frequency of loading [21].

2.5. Instrumentation

The LVDTs attached within the shear spans of each beam were
used to measure the evolution of the average deformation (Figs. 1,
2, and 4). The average deformations in terms of the shear strains,
the average principal strains, and the inclination of the principal
tensile strain relative to the x- and y-directions within the shear
spans of each beam were obtained from strain transformation of
the LVDT data (Fig. 4).

e1 and e2 are the average tensile and average compressive strain
respectively. A program was developed to generate the deforma-
tion evolutions from the laboratory data.

For the West LVDTs, (where cxy is positive, and ey ¼ eb)

ex ¼ ec � eb þ ea

cxy ¼ ea � ec ð1Þ
For the East LVDTs, (cxy is negative, and ey ¼ eb)

ex ¼ ec � eb þ ea

cxy ¼ ec � ea ð2Þ
The average principal concrete strains using Mohr circle of strains
were obtained thus:

e1;2 ¼ 1
2
ex þ ey
� �� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðex � eyÞ2 þ c2xy

q� �
ð3Þ

The values for the evolution of h, the inclination of the principal ten-
sile strain direction relative to horizontal, was estimated using cxy
(shear strain), ex (average strain in the horizontal direction), and
ey (average strain in the vertical direction).

In order to obtain the load corresponding to the diagonal crack-
ing load, readings were obtained from LVDTs measuring tensile
strains (ea) as shown in Fig. 4. From each reading, the load
corresponding to the diagonal cracking was taken as the load at
EAST

Fig. 4. LVDTs strain
which the slope of the deformation curve began to change
significantly.

The results of the experiments conducted are presented subse-
quently. Figs. 5–9 show mid-span deflections, the crack patterns,
principal strain evolutions (tensile and compressive) and shear
strain evolutions.

3. Test results

The number of cycles leading to failure are given in Table 2.
Specimens C75-0-1 and C75-0-2 were stopped at 3,000,000 cycles
since no signs of failure were apparent. Although beam C75-0
failed at about 800,000 cycles, the fatigue load used was slightly
higher compared to C75-0-1 and C75-0-2. It is well-known that
fatigue life increases as the reinforcement ratio increases under a
given load. However, the high fatigue load used for beam C75-0
may have resulted in the large difference between observed fatigue
cycles when compared with beams C75-0-1 and C75-0-2.

3.1. Mid-span deflection/ stiffness degradation

The mid-span deflections of seven specimens are given in Fig. 5.
The applied fatigue load influenced the evolution of the mid-span
deflection of the beams having the same reinforcement ratios
(C70-0, C75-0 (A), C75-0 (B), and C80-0 (B)) (2–10 M rebars). As
WEST

1

2

2

2
EAST

transformation.



Fig. 6. Crack pattern and shear-span fatigue degradation.

Fig. 7. Fatigue hysteresis loops.
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Fig. 8. Strain evolution in reinforcing bars.
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the stress level increased, the deflection and the evolving rate
increased. The specimens failed finally at 1,800,000, 770,000,
850,000, and 420,000 cycles, respectively.

For similar maximum load levels (C80-0 and C80-20), an
increase in the minimum load level (20% of diagonal cracking load)
resulted in the reduction of the mid-span deflection and its rate of
evolution, and an increase in fatigue life. The failure of specimen
C80-20 occurred after 2,730,000 cycles. By comparing beams rein-
forced with 10 M and 15 M rebars, it can be deduced that beams
with higher longitudinal reinforcement ratios exhibited lower
deflection. Although beam C75-0-2 with 3–15 M rebars exhibited
a higher initial deflection (due to stochastic behaviour of concrete)
compared to C75-0-1, the rate of increase of deflection with fatigue
cycles was observed to be lower in C75-0-2 (see Fig. 5) because
beam C75-0-2 was reinforced with 3–15 M reinforcing bars,
whereas, C75-0-1 was reinforced with 2–15 M reinforcing bars.
Hence, lower stresses and strains per cycle were induced in the for-
mer. The influence of reinforcement ratio can also be observed in
the strain evolution plot for longitudinal reinforcing bars (consid-
ered in a subsequent section).

The crack patterns of beams C70-0, C80-20-0, C80-0, and C75-0
(b) are shown in Fig. 6. Inclined or shear-flexural cracks formed
within the shear-spans of C80-0 and C80-20-0 at the initial stage
of fatigue loading. For beam C80-0, a flexural crack at the mid-
span region was initially observed; however, the propagation of
the inclined crack due to a high fatigue load range prevailed, while
no progressive opening of the flexural crack at the mid-span
occurred. In other beams (C75-0, C70-0), flexural cracks occurred
at the initial stage of fatigue loading. The applied fatigue load range
was insufficient (low) to result in a shear-flexural crack at the ini-
tial stage. Although the development of inclined cracks away from
the mid-span regions occurred afterwards due to the degradation
of the tensile strength of concrete to a value corresponding to
the induced tensile stress within the plane, the reinforcement fati-
gue damage within the mid-span region had increased substan-
tially before the emergence of the inclined cracks and initiation
of rebar damage growth (crack propagation); hence, the observed
failure occurred within the mid-span region. In beam C80-20-0,
the maximum fatigue load resulted in a diagonal crack in beam
C80-20-0 at the initial stage of fatigue loading cycles; however,
the damage concentration within the mid-span region was also
attributed to the increased minimum fatigue load which resulted
in a low fatigue load range. This behaviour supports the observa-
tion by Chang and Kesler [7] regarding the influence of fatigue load
on failure regions.

The degradation of the beams under fatigue loading can also be
observed from the hysteresis loops obtained from each tested
specimen (Fig. 7). As the minimum fatigue load increased, the
degradation or inclination of each hysteresis loop towards the
abscissa tends to decrease (C80-0 and C80-20-0). As the fatigue
load range increased, a corresponding increase in the degradation
of the hysteresis loops was also observed. The large increase in
mid-span deflection between hysteresis loops as indicated in
C75-0, C70-0, and C80-20-0 indicates reinforcement fracture or
substantial crack.
3.2. Shear-span deformation

Within the shear-span, the average shear strain, the average
principal compressive strain evolution and the average tensile
strain evolution were monitored. In addition, the strain evolution
on the reinforcing bars (shear and longitudinal) at regions within
the shear-spans were observed. As shown in Fig. 8, the strain evo-
lutions in the longitudinal reinforcing bars in beams C75-0-1 and
C75-0-2 were higher than the strain evolutions in the shear rein-
forcement. This further supports the prominence of the arch mech-
anism (load transfer path) behaviour and the obvious reason for
fracture of longitudinal reinforcing bars instead of shear reinforce-
ment. In addition, as a result of lower reinforcement ratio in beam
C75-0-1, higher strain evolution data were observed when com-
pared to specimen C75-0-2.



Fig. 9. Average principal and shear strain evolutions, and diagonal deformation (C80-0).

Table 2
Fatigue test results and predictions.

C1 C2 C3 C4
Specimen
name (#)

Number of
cycles to failure
Nf (Log Nf)

Predicted number
of cycles to failure
Nf(Log Nf)

Helgason et al. [24]/
AASHTO [25] predic-
tions (Log Nf)

C80-0 (a) 460,000 (5.7) 466,000 (5.7) 350,000 (5.5)
C80-0 (b) 420,000 (5.6) 466,000 (5.7) 350,000 (5.5)
C75-0 (a) 770,000 (5.9) 842,000 (5.9) 450,000 (5.7)
C75-0 (b) 850,000 (5.9) 842,000 (5.9) 450,000 (5.7)
C70-0 1,500,000* (6.2) 1,060,000 (6.0) 530,000 (5.7)
C80-20-0 2,550,000b (6.4) 1,640,000 (6.2) **

C75-0-1 3,000,000a ** **

C75-0-2 3,000,000a ** **

a Test stopped without failure.
* Number of cycles at first rebar fracture (final failure: 1,800,000).
b Number of cycles at first rebar fracture (final failure: 2,730,000).
** No failure (Stresses lower than endurance limit value or stress intensity factor

lower than the threshold value).
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The analysis involved in the prediction of the strain evolutions
will be discussed in a subsequent section (including beam C80-0).

In Fig. 9, it can be observed that for beams (C80-0, C75-0, and
C70-0) with similar reinforcement ratios, the shear-span deforma-
tions in terms of average shear strain, average principal compres-
sive and tensile strain evolutions (estimated using strain
transformation equations) increased as the fatigue load level
increased. Since the fatigue behaviour of beams C75-0 and C70-0
was governed by the reinforcement crack growth at the mid-
span after concrete cracking, the mechanism which involved the
transfer of forces through the compressive strut to the support
was altered due to localised behaviour at the mid-span as the
reinforcement crack propagated. As such, the compressive strain
within the shear span and its corresponding evolution, alongside
the average shear and average principal tensile strains for beams
C75-0 and C70-0 were almost constant except towards failure
(see Fig. 9). In addition, the diagonal deformation (within the
shear-span where failure occurred) in the direction of the LVDT
in tension for specimen C80-0, was observed to evolve as the fati-
gue loading cycles increased.
4. Fatigue life verification using strut and tie model

Under monotonic loading, an insight to the flow of forces in a
deep beam can be obtained using strut and tie models. The internal
flow of forces is represented using concrete compressive struts and
reinforcement ties, while they meet at nodes. Since this concept is
based on the lower bound theorem, equilibrium conditions must
be fulfilled and yield condition is not violated. A mechanism occurs
once plasticity develops. Stresses in concrete are limited to the
crushing strength, while steel reinforcement is governed by the
yield value [22,23].

Under fatigue loading, the initial stresses in steel and concrete
are lower than the limiting capacity along the stress trajectory
(see Fig. 10). As the number of cycles increase, the induced stress
in concrete increases, irreversible strain accumulates, and the limit
strength decreases. Further, an increase in steel stress due to crack
growth occurs. Provided models can be developed to account for
the instant of a mechanism due to the progressive deterioration,
then the fatigue life of the structure can be predicted.

From the experimental results reported herein, the collapse due
to fatigue failure of each beam was governed by the fracture of



Fig. 10. Strut and tie model for a deep beam under fatigue loading.
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longitudinal reinforcing bars under fatigue loading. It was postu-
lated previously that this behaviour is attributed to the fact that
load is transferred to the support from the loading point through
arch mechanism and not by truss action common with beams hav-
ing shear-span to effective depth ratios greater than 2.0.

In the analysis of fatigue loading, the deterioration of material
properties such as concrete strength, steel residual area after crack
growth, and the irreversible compressive strain accumulation can
be accounted for in the constitutive, compatibility, and equilibrium
equations of an analysis algorithm such as strut and tie. As such, a
reinforced concrete beam damaged due to fatigue may fail when
reloaded statically up to the same fatigue load after a given num-
ber of cycles. At the point of failure, crushing of concrete struts
or fracture of reinforcing bars (shear or longitudinal, depending
on the a/d value) may govern when the acting force in either the
concrete or steel reinforcing bars becomes equal to the corre-
sponding resistance capacity. The number of cycles at which this
occurs is termed the fatigue life of the structural element.

To further illustrate this concept, the numbers of cycles leading
to failure for each beam tested in this investigation were predicted.
The predicted numbers of cycles were compared with those
obtained using Helgason et al. [24] (used by AASHTO [25]). The
fatigue load used for prediction was taken as the average load from
the two curves for the CONT-1, CONT-2 and CONT-3 beams (Fig. 2).

4.1. Fatigue equilibrium equation

From Fig. 10,

Fo ¼ AðiÞEsex ð4Þ

To ¼ AvEsev ð5Þ

Di ¼ f c2wðpusinhþ dacoshÞ ð6Þ
Under fatigue loading, the irreversible strain (ed) is considered as a
pseudo-load. The value is assumed to be zero at the first cycle [26].
For subsequent cycles,

Fed ¼ Ecfatedwðpusinhþ dacoshÞ ð7Þ
In Fig. 10 and Eqs. (4)–(7), Fo is the force in the longitudinal rein-
forcement, A(i) is the residual longitudinal reinforcement area
(function of reinforcement crack growth), Es is the elastic modulus
of steel reinforcement, ex is the strain in the longitudinal reinforce-
ment, To is the force in the shear reinforcement within the shear
span, Av is the area of shear reinforcement within the shear span,
ev is the assumed strain in the shear reinforcement, Di is the com-
pressive force in the concrete strut, f c2 is the compressive stress
in the concrete strut (function of concrete damage evolution), w is
the width of the beam, pu is taken as half of the loading plate length,
h is the inclination of the compressive strut to the horizontal, da is
the depth of the nodal zone under the loading plate, Fed is the
pseudo-load due to irreversible strain accumulation, Ecfat is the
residual stiffness of concrete strut, and ed is the irreversible fatigue
strain.

4.2. Fatigue constitutive models

The fatigue constitutive models used for concrete under com-
pression fatigue loading and the corresponding irreversible strain
(ed) model have been previously developed by the authors
[27,28]. These models were used in this investigation for the fati-
gue damage analysis of concrete. Eqs. (8) and (9) are constitutive
models for normal strength concrete using Hognestad’s equation.
Using Hognestad’s Equation [29] for concrete compressive stress
–strain model, the stress in a fatigue-damaged strut is expressed
as [28]:

ec2
e�c

� �2

� 2ec2
e�c

þ f c2
f pð1� DfcÞ ¼ 0 ð8Þ

e�c ¼ ep 1þ
ffiffiffiffiffiffiffi
Dfc

q� �
� ed ð9Þ

f c2 is the principal compressive stress, f p is the peak concrete com-

pressive stress (equal to f 0c), ep is the compressive strain correspond-
ing to f p, ec2 is the average net strain in the principal compressive
direction, and e�c is the strain corresponding to the peak stress of
the degraded concrete strength. Models for Dfc and ed can be
obtained from [27,28], respectively.

The total fatigue life of steel reinforcement can be assumed to
constitute the crack initiation life (controlled by localised
plasticity-crack nucleation) and the crack propagation life. For duc-
tile materials, the crack initiation life is usually lower than the
crack propagation life. However, the reverse is true for brittle
materials. The strain-life approach which considers localised plas-
ticity was used to obtain the crack initiation life, while fracture
mechanics was used to estimate the crack propagation life from
an initial crack length [30]. The localised stress and strain on the
reinforcement at the intersection with concrete crack can be
obtained using finite element analysis modelling or simply by Neu-
ber’s rule (Eq. (10)). The Neuber’s rule is often used to extrapolate
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elastic analysis so that stresses and strains associated with the
effects of local yielding can be obtained.

re ¼ ðKtSÞ2
E

ð10Þ

Kt is the stress concentration factor, and S is the nominal stress. r
and e are the localised stress and strain, respectively. The mean
value of Kt (depending on the reinforcement geometries) was
obtained as 1.9 from a table and chart provided by Jhamb and
MacGregor’s [31] on stress concentration factors for reinforcing
bars. In order to express the material properties of steel in the form
of a cyclic stress-strain and strain-life curve, Masing’s model and
Smith-Watson-Topper (SWT) approach expressed in Eqs. (11) and
(12) respectively, were used [32,33]. The SWT model is empirically
based and accounts for the effect of mean stresses on fatigue beha-
viour. The SWT model relates the product of the maximum stress
and total strain amplitude (rmaxea) to the fatigue life. The total
strain consist of the summation of elastic and plastic terms. From
the model, the product of the stress amplitude and strain amplitude
for a fully reversed test is equal to rmaxea for a mean stress test [34].
The parameters (mean test values) in the model r0

f , b, c, e0f are fitting
constants which are essentially material properties.

ea ¼ ra

E
þ ra

H0

� � 1
n0

ð11Þ

rmaxea ¼
ðr0

f Þ2
E

ð2Nf Þ2b þ r0
f e

0
f ð2Nf Þbþc ð12Þ

The approach for estimating rmax, emax (maximum stress and strain
at notch), ra, ea (stress amplitude and corresponding strain) are
illustrated in [33,35]. From Boller and Seeger [35], parameters in
Eqs. (11) and (12) common to the tests conducted in this investiga-
tion (mean test values) are given as:

b ¼ �0:087; c ¼ �0:58; e0f ¼ 0:59; r0
f ¼ 720 MPa;

n0 ¼ b=c ¼ 0:15; H0 ¼ r0
f

e0n
0

f

¼ 779:3 MPa:

For the crack propagation life prediction, the residual area of the
cracked reinforcement was estimated using the approach and for-
mulas reported in [26], reproduced in Fig. 11 and Eqs. (13) and
(14):

AðayÞ ¼ h
90

pr2 � rsinhð2r � ayÞ ð13Þ

h ¼ cos�1 r � 0:5ay
r

� �
ð14Þ

A(ay) is the area of the fractured surface of a steel reinforcing bar, h
is shown in Fig. 11, ay is the crack depth, and r is the radius of the
Fig. 11. Crack growth on a reinforcing bar surface.
reinforcing bar. The fracture mechanics models for estimating ay,
the initial crack, and the shape factor have been reported in [26].

4.3. Reinforcement crack growth

From the Paris crack growth law (Eq. (15)), the propagation of a
reinforcing bar crack can be predicted, as a function of stress inten-
sity factor range (D K) (Eq. (16)). The parameter D K is generally
expressed as a function of the fatigue stress range (Dr), crack size
(a) and a shape factor (Y) for the reinforcing bar [34,36–38].

da
dN

¼ CDKn ð15Þ

DK ¼ Y:Dr:
ffiffiffiffiffiffi
pa

p ð16Þ
The crack depth (aj) for a given number of cycles is estimated from
Eqs. (15) and (16) thus:

aj ¼ aai
1� NijðC � a � pn

2 � Yn � Drn � aai Þ
	 


 !1
a

ð17Þ

where a = (n/2) � 1.
ai and aj are the smallest and largest crack depth for the interval

of cycles considered (Nij). However, the estimation of aj requires
the value of ai, which is the previous crack depth [35]. Y is the
shape factor. The initial minimum crack can be obtained iteratively
from (Eq. (18)) [38]:

ao ¼ 1
p

DKth

YDrlim

� �2

ð18Þ

where Drlim corresponds to the fatigue limit stress at which fatigue
damage will not initiate, and DKth is the threshold stress intensity
factor. The crack does not propagate for stress intensity values
lower than DKth. However, the threshold intensity factor was taken
as 5 MPa

ffiffiffiffiffi
m

p
[39] (m is in metres). An equation for the shape factor,

recommended in BS 7910 (1999) as a function of the crack depth, is
given in Eq. (19) [40].

Y ¼
1:84
p ftan pa

4r

� �
= pa

4r

� �g0:5
cos pa

4r

� �

0:75þ 2:02
a
2r

� �
þ 0:37 1� sin

pa
4r

� �n o3
� �

ð19Þ

where r is the radius of the reinforcing bar and a is the crack depth.
The residual area of reinforcement A(i) required in Eq. (4) was

obtained by subtracting the area of the fractured surface from
the initial reinforcing bar area. It was assumed that the stresses
induced in the reinforcing bars on the same layer in a beam
cross-section are equal. As such, the progressive reduced area can
be obtained by multiplying the initial area of reinforcement or
reinforcement ratio by the ratio of a residual rebar area to its
uncracked area.

4.4. Compatibility equation

FromMohr’s circle of strain, the relationship between the strain
in the horizontal direction, the principal tensile strain and the prin-
cipal compressive strain can be estimated from:

ec1 ¼ ex þ ðex � ec2Þcot2h ð20Þ
where ec1 is the average effective principal tensile strain,ex is the
average strain the horizontal direction, ec2 is the average effective
principal compressive strain, and h is the inclination of the com-
pressive strut. The average strain in the vertical direction (required
in Eq. (5)) within the shear span was estimated as:
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ev ¼ 0:5ec1ð1� cos2hÞ þ 0:5ec2ð1þ cos2hÞ ð21Þ
Since appropriate anchorage was ensured based on design specifi-
cation, perfect bond was assumed in this investigation. Hence, the
horizontal strain ex is taken as the strain in the longitudinal rein-
forcement, while the vertical strain ev is the strain in the shear rein-
forcement within the shear-span. In this approach, it was also
assumed that cracks do not propagate on the shear reinforcement
Fig. 12. Algorithm for predicting th
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as the number of cycles increase. This is attributed to the fact that
the estimated forces in shear reinforcement are overly conservative
since the contributions of other mechanisms such as aggregate
interlock and clamping effects were neglected. This approach was
used to estimate the number of cycles at which the fracture of the
longitudinal reinforcing bars at the intersection with a concrete
crack will occur. The algorithm used is shown in Fig. 12. Basically,
e fatigue life of a deep beam.
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the equilibrium, compatibility, and constitutive equations are satis-
fied for each cycle of fatigue loading considered while accounting
for the progressive damage and area reduction of the strut and
tie, respectively, until the governing failure criterion is reached.

The fatigue life predictions for beams C80-0, C75-0, C70-0, and
C80-20-0 are shown in Figs. 13 and 14 in addition to predictions
using Helgason et al. [24]. The predictions using Helgason et al.’s
model tends to be more conservative compared to the predictions
using the proposed approach. The numbers of cycles predicted in
both cases are given in Table 2. From the models proposed by
Helgason et al. [24], an endurance limit is assumed below which
failure will not occur. This simply means beam C80-20 will not fail
under fatigue loading; hence leading to an unsafe fatigue life
prediction.

One of the motive of the proposed approach was to develop a
conservative means for fatigue life prediction. However, as fatigue
load range begins to reduce as in the cases of C70-0 and C80-20 in
Fig. 14, the range for acceptable predictions is expected to be wider
since variations in the number of cycles to failure corresponding to
small or insignificant changes in loading are significantly large due
to low induced stresses (as observed in S-N curves for high and low
stresses in the literature). This is attributed to the lower fatigue life
prediction shown in Fig. 14. In addition, for low fatigue loads and
under-reinforced beams, fatigue damage tends to concentrate
within the mid-span region; hence the effect of the irreversible
strain in the compressive strut on the longitudinal reinforcing bars
reduces. Conservatively, the influence of irreversible strains were
fully considered in the predictions for the fatigue life of beams
C70-0 and C80-20; hence the lower fatigue life predictions.

The strain (ex) in the longitudinal reinforcing bars per interval of
cycles up to failure were also plotted and shown in Fig. 8. As
observed, the three phases of fatigue damage evolution are well-
defined within the fatigue life for beam C80-0.

The first phase entails a nonlinear deformation. The second
phase is characterized by a constant rate of deformation, and the
last stage is characterized by an increasing rate of damage leading
to failure. The induced force in the steel reinforcement is estimated
using Eq. (4), while the residual capacity of the reinforcement is
obtained from the product of the residual area and the yield
strength. Failure is imminent as both evolutions converge (Figs. 13
and 14).

The predicted results using the proposed approach are conser-
vative and reasonably close to the experimental values; hence,
can be implemented in the prediction of fatigue life of deep beams.

The simple strut-tie model considered in this investigation was
used based on the low value of the shear-span to effective-depth
ratio and the actual load path of force transfer from load point to
the support of the tested specimens (see Fig. 10). For larger spans
which involves more struts and ties, the same concept of constitu-
tive, compatibility, and equilibrium equations modifications can be
employed. In these cases, failure is imminent at a region with the
highest stress.

The significance of this approach stems from the fact that the
fatigue failure of beams with large shear-span to effective depth
ratios (governed by truss action) can also be predicted. In essence,
the approach accounts for the progressive crack of reinforcement
(shear or longitudinal) and concrete damage; hence, it represents
an advantage over previous models which consider fracture of
shear reinforcement as the only fatigue limit state.

Although point load was considered in this investigation, in the
case of distributed loading, fanning concept of struts is used
[22,23]. In the same manner as described for the point load, the
governing equations for equilibrium, compatibility, and stress-
strain relation can be modified using the referred damage evolu-
tion models; however, experimental verifications on these are
required.
Small scale beams have been considered in this investigation.
Size effect on plain concrete under monotonic and fatigue loading
is well-known. The crack growth rate per fatigue loading cycle of
plain concrete is higher for larger sizes [41,42]. It is considered
expedient that more tests are conducted on lightly-reinforced
and sufficiently reinforced large scale beams, while the proposed
approach is further scrutinized to ascertain its validity.
5. Conclusion

The behaviour of deep beams under fatigue loading has been
investigated by conducting tests on small-scale deep beams. The
progressive deformations within the shear spans and mid-spans
were measured. In all, the rate of deformation was observed to
increase as the stress level or stress range increased. It was
observed that beams with increased longitudinal reinforcement
ratios exhibited higher fatigue life; hence supporting well-known
fatigue behaviour of reinforced concrete structures.

The fatigue behaviour was governed by the load transfer mech-
anism and the induced stresses within the load path. Specimens
tested failed by fracture of the longitudinal reinforcement either
within the shear span or mid-span region. The results obtained
using the modified strut and tie analysis approach gave appropri-
ate fatigue life prediction; hence, providing a reliable means for
fatigue analysis of deep beams.

Within the range of failure, the predicted results obtained for
the specimens using the proposed approach were found to be con-
servative. An additional advantage of the proposed fatigue analysis
approach stems from the fact that the progressive deformation and
the actual mechanism of failure (crushing of concrete or fracture of
steel) depending on the governing criterion can be observed.
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